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https://github.com/jsliacan/flagmatic-dev.git
(tested with Sage 6.4)

https://github.com/jsliacan/flagmatic-dev.git


Problem type

Maximize induced density of a small H in a big F -free G .

p(H;G ) =
# induced copies of H in G(|G |

|H|
)

Example

Maximize the density of in a -free G .



Definitions

density
λF (H, n) = max

G∈Gn
p(H;G )

asymptotic density

λF (H) = lim
n→∞

λF (H, n)



Stability on an example

Theorem (Mantel, 1907)

λ ( ) = 1/2

with the extremal graph being complete balanced bipartite.

Every sufficiently large almost extremal graph is close in edit
distance to a complete balanced bipartite graph.

The problem is stable if for every ε > 0 there is a δ > 0 and an
n0 ∈ N such that every -free graph G on n > n0 vertices that
satisfies p( ;G ) ≥ 1/2− δ also satisfies dedit(G ,K2(12 ,

1
2)) < ε.



Inducibility of K−4

Theorem (Hirst, 2013)

λ( ) =
72

125

with the extremal graph being a balanced blow-up of K5.

Theorem
The inducibility of K−4 is a stable problem.
For every ε > 0 there exists δ > 0 and n0 ∈ N such that for all graphs G on n ≥ n0 vertices with

p(K−
4 ; G) ≥

72

125
− δ,

there exists a partition of the vertex set of G , V (G) = V1 ∪ . . . ∪ V5 such that

dedit (G(V1, . . . , V5),K5(n)) < ε.



Proof of stability

Listing 1: Flagmatic-dev script

K5 = "5:12131415232425343545"
p = GraphProblem(7, density="4:1213142334")
p.set_extremal_construction(GraphBlowupConstruction(K5))
p.solve_sdp()
p.make_exact(denominator=1500)
p.verify_stability(K5, K5)

certificates given by the script

+
stability theorem from the previous talk



Stability for inducibility of K1,1,2

Theorem (Hirst, 2013)

λ( ) =
3

8

with the extremal graph being a balanced blow-up of F = ∪ .

Theorem
The inducibility of is a stable problem.



Stability of Turán problem for K5

Theorem (Hirst, 2013)

λK5( ) =
3

4

with the extremal graph being a balanced blow-up of K4.

Theorem
The Turán problem for K5 is stable.

Listing 2: Flagmatic-dev script

p = GraphProblem(5, forbid="5:12131415232425343545")
c = GraphBlowupConstruction("4:121314232434")
p.set_extremal_construction(c)
p.solve_sdp()
p.make_exact()
p.verify_stability("3:121323", "4:121314232434")



Density of C5s in a K3-free graph

Theorem (Grzesik, 2012)

λ (C5) =
5!

55

with the extremal graph being a balanced blow-up of C5.

Theorem
The above problem is stable.

Listing 3: Flagmatic-dev script

C5 = "5:1223344551"
p = GraphProblem(5, forbid="3:121323", density=C5)
p.set_extremal_construction(GraphBlowupConstruction(C5))
p.solve_sdp()
p.make_exact()
p.verify_stability("3:12", C5)



Flag Algebras method

Gentle introduction on Mantel’s Theorem:

Theorem (Mantel, 1907)

The maximum edge density of a -free graph is 1/2.



Simple bound

Do not know p( ;G ), so

p( ;G ) =
∑
|F |=k

p( ;F )p(F ;G )

≤ max
|F |=k

p( ;F )

= λ( , k).



Need a better bound

A simple max bound is rarely sharp.

Example

p( ;G ) ≤ max
|F |=3

p( ;F )

= p( ; ) = 2/3

Only sharp if every subgraph of G on 3 vertices is a .
Impossible for G with ≥ 5 vertices:



Account for subgraph overlaps (via example)

G is G with one vertex red (fixed).

p( ;G ) =
deg( )

|G | − 1

1. p( ;G )p( ;G ) choosing two neighbours of (with repetition)

2. p( , ;G ) = p( ;G ) + p( ;G ) choosing two neighbours of
(without repetition)

Negligible difference when G big. =⇒ start with 1., switch to 2.,
uncolor (average over all choices of in G ). Left with αp( ;G ).

q
p( ;G )p( ;G )

y
∼ 1

3
p( ;G )



Manipulation (via example)

Vector v = [p( ;G ), p( ;G )].
r
vvT

z
≥ 0

Similarly, for every A � 0,
r
vAvT

z
≥ 0

p( ;G ) =
∑
|F |=3

p( ;F )p(F ;G )

≤
∑
|F |=3

p( ;F )p(F ;G ) +
r
vAvT

z
with A � 0

=
∑
|F |=3

(
p( ;F ) + cF

)
p(F ;G )

≤ max
|F |=3

p( ;F ) + cF



Delegating tasks to the PC

Clearly, the proces was rather systematic. Need to know: density
graphs, forbidden graphs. The rest can be done by the PC.

Optimization:

min γ :

p( ;F ) + cF ≤ γ ,for all F

A � 0



Mantel in Flagmatic

Maximise in a graph without copies of .
Recall λ( ) ≤ 1/2. Extremal graph is complete balanced bipartite:

e.g.



In Flagmatic 2.0 [Emil’s]

Listing 4: Mantel’s theorem.

p = GraphProblem(3, forbid="3:121323")
p.set_extremal_construction(GraphBlowupConstruction("2:12"))
p.solve_sdp(solver="csdp")
p.make_exact()

Listing 5: Output

Forbidding 3:121323 as a subgraph.
Generating graphs...
Generated 3 graphs.
Generating types and flags...
Generated 1 types of order 1, with [2] flags of order 2.
Computing products.
Writing SDP input file...
Running SDP solver...
Returncode is 0. Objective value is 0.50000001.
Checking numerical bound...
Bound of 1/2 attained by:
1/2 : graph 0 (3:)
1/2 : graph 2 (3:1213)


